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Reservoir simulation: few important 

explanations



2

Modern reservoir simulation

• Highly-implicit time approximation

• Complex unstructured grid models 

– Resolution down to geological model

– Complex features including fractures

• Simulation of ensemble of models

– Uncertainty quantification

– Data assimilation and optimization

• Complex wells and controls

– Multi-segmented well models
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Single phase equation

𝜕𝜙𝜌

𝜕𝑡
+ 𝛻𝜌𝐔 + 𝜌𝑞 = 0

i i+1i-1
(𝜙𝜌)𝑖

𝑛+1− (𝜙𝜌)𝑖
𝑛

∆𝑡
+
(𝜌𝑈)𝑖+1/2−(𝜌𝑈)𝑖−1/2

∆𝑥
+ (𝜌𝑞)𝑖= 0

i-1/2 i+1/2

𝑅𝑖 = 𝑉𝑖
(𝜙𝜌)𝑖

𝑛+1− (𝜙𝜌)𝑖
𝑛

∆𝑡
− 𝜌𝑇

𝑖+
1
2
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𝑛+1 + (𝜌𝑇)𝑖−1/2(𝑝𝑖 − 𝑝𝑖−1)
𝑛+1+(𝜌𝑞)𝑖

𝑛+1

𝜙 = 𝜙 𝑝 , 𝜌 = 𝜌 𝑝 , 𝑇 = 𝑇 𝑝 , 𝑞 = 𝑞 𝑝

𝑅𝑖 𝑝𝑖−1
𝑛+1, 𝑝𝑖

𝑛+1, 𝑝𝑖+1
𝑛+1 = 0

Fully implicit approximation 

Finite-volume discretization
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Nonlinear solution

Need to solve: 𝐑 𝐱 = 𝟎, 𝐱 = ȁ𝐩 𝑡=𝑡𝑛+1 ; ȁ𝐱𝒏= 𝐩 𝑡=𝑡𝑛

𝐱𝟎 = 𝐱𝒏; 𝐉 𝐱
0 𝐱1 − 𝐱0 = −𝐑 𝐱0 ⟹ 𝐀0𝐲0 = 𝐛0

𝐱1 = 𝐱0 + 𝐲0; 𝐉 𝐱
1 𝐱2 − 𝐱1 = −𝐑 𝐱1 ⟹ 𝐀1𝐲1 = 𝐛1

𝐑 𝐱𝑘 < 𝜀1 & 𝐲𝑘 < 𝜀2

Newton-Raphson (iterative) method:

⋯

N
o

n
lin

ea
r 

it
er

at
io

n
s

Linear iterations

𝒑𝑛+1 = 𝐱𝑘 ⟹ 𝑡 = 𝑡 + ∆𝑡, 𝒑𝑛= 𝒑𝑛+1

start new timestep
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Cartesian grid
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Two-Point Flux Approximation
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Connection list: residual assemble

1) Connection list represents model connectivity

{1,2:𝑇1}, {2,3:𝑇2}, {3,4:𝑇3}, {1,5:𝑇𝑤}

2) Flow rate between two adjacent control volumes

𝑄𝑘 = 𝑇𝑘 𝑝𝑖 − 𝑝𝑗 ,    𝑄𝑤 = 𝑇𝑤 𝑝𝑖 − 𝑝𝑤

3) Mass conservation in residual form for each control volume

• Loop over control volumes to account for accumulation term 
defined as 𝐴𝑖 = 𝑉𝑖(𝜙𝜌)𝑖

𝑖 ∶ 𝑅𝑖 = 𝐴𝑖
𝑛+1 − 𝐴𝑖

𝑛

• Loop over connections to account for in/outflow between blocks

𝑘 → 𝑖, 𝑗 ∶ 𝑅𝑖 = 𝑅𝑖 + ∆𝑡 𝑄𝑘
𝑛+1, 𝑅𝑗 = 𝑅𝑗 − ∆𝑡 𝑄𝑘

𝑛+1

• Loop over wells to account for source/sink terms

𝑞 → 𝑖, 𝑤 ∶ 𝑅𝑖 = 𝑅𝑖 + ∆𝑡 𝑄𝑤
𝑛+1, 𝑅𝑤 = 𝑅𝑤 − ∆𝑡 𝑄𝑤

𝑛+1

1 2 3 4

5

T1 T2 T3

Tw
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Simulation in 2D

T1: 1,2
T2: 2,3
T3: 3,4
T4: 5,6
T5: 6,7
T6: 7,8
T7: 1,5
T8: 2,6
T9: 3,7
T10: 4,8
T11: 9,1
T12: 10,8

1 2 3 4
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w
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Two-phase nonlinear system

𝐀𝑖 𝑝𝑖 , 𝑆𝑖 = 𝜙𝑉 𝑖
𝜌𝑜𝑆𝑜
𝜌𝑤𝑆𝑤 𝑖

𝐔𝑝 = −𝐤
𝑘𝑟𝑝
𝜇𝑝

𝛻𝑝𝑝 ⟹ 𝑄𝑘 𝐩, 𝐒 =
𝑇𝑜,𝑘 𝑝𝑜,𝑖 − 𝑝𝑜,𝑗

𝑇𝑤,𝑘 𝑝𝑤,𝑖 − 𝑝𝑤,𝑗

𝑆𝑜 + 𝑆𝑤 = 1, 𝑝𝑜−𝑝𝑤 = 𝑃𝑐𝑜𝑤(𝑆𝑤)

Solve nonlinear equation: 𝐑 𝐱 = 𝟎

𝐱𝑖 = 𝑝𝑜, 𝑆𝑤
𝑇
𝑖
; 𝑆𝑤 = 1 − 𝑆𝑜; 𝑝𝑤 = 𝑃𝑐𝑜𝑤(𝑆𝑤) − 𝑝𝑜
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Geothermal model

𝜕

𝜕𝑡
𝜙 𝑆𝑤𝜌𝑤 + 𝑆𝑠𝜌𝑠 + 𝛻 𝜌𝑤𝐔𝑤 +𝜌𝑠 𝐔𝑠 = 0

𝜕

𝜕𝑡
𝜙(𝑢𝑤𝑆𝑤𝜌𝑤 + 𝑢𝑠𝑆𝑠𝜌𝑠) + 1 − 𝜙 𝑢𝑟 +

𝛻 ℎ𝑤𝜌𝑤𝐔𝑤 + ℎ𝑠𝜌𝑠𝐔𝑠 + 𝜙(𝐆𝑤 + 𝐆𝑔) + (1 − 𝜙)𝐆𝑟 = 0

Up – phase flux (Darcy assumptions)

Gp – conduction flux (homogeneous temperature)

p = w,s (water or steam) Sp – phase saturation ρp – phase density

𝜙 – porosity up – phase energy hp – phase enthalpy
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Geothermal system

𝐴𝑖 𝝎 = 𝑉 𝑖
𝜙(𝑆𝑤𝜌𝑤 + 𝑆𝑠𝜌𝑠)

𝜙(𝑢𝑤𝜌𝑤 + 𝑢𝑠𝜌𝑠) + 1 − 𝜙 𝑢𝑟 𝑖

,

𝑄𝑘 𝝎 =
(𝑇𝑤,𝑘+𝑇𝑠,𝑘) 𝑝𝑖 − 𝑝𝑗

(ℎ𝑤𝑇𝑤,𝑘 + ℎ𝑠𝑇𝑠,𝑘) 𝑝𝑖 − 𝑝𝑗

𝐺𝑘 𝝎 = −𝜃𝜅 𝑇𝑖 − 𝑇𝑗

𝜃𝜅= ℋ[𝜙(𝑆𝑤𝜅𝑤 + 𝑆𝑠𝜅𝑠) + 1 − 𝜙 𝜿𝒓]

Solve nonlinear equation: 𝐑 𝝎 = 𝟎
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Two-phase geothermal

𝐹𝑤 = 𝑓𝑤 𝑝, 𝑇 − 𝑓𝑠 𝑝, 𝑇 = 0

• Natural variables formulation:

– Nonlinear unknowns: 𝑝, 𝑇, 𝑆𝑤

– Solve conservation equations + equilibrium fully coupled

• Molar variables formulation:

– Nonlinear unknowns: 𝑝, ℎ

– Solve (3) on each global iteration

– Find derivatives using inverse theorem:  
𝐝𝐱

𝐝𝐳
=

𝐝𝐅

𝐝𝐳

𝐝𝐅

𝐝𝐱

−1
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Unstructured grid

1D

2D
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Unstructured grid

𝑄𝑘 = 𝑇𝑘 𝑝𝑖 − 𝑝𝑗

2) Flow rate between two adjacent control volumes

3) Mass conservation for each control volume
• Loop over control volumes to account for accumulation 

and source term

• Loop over connections to account for in/outflow  

𝑘 → 𝑖, 𝑗 ∶ 𝑅𝑖 = 𝑅𝑖 + ∆𝑡 𝑄𝑘
𝑛+1, 𝑅𝑗 = 𝑅𝑗 − ∆𝑡 𝑄𝑘

𝑛+1

1) Connection list represents model connectivity

{1,2:T1}, {1,4:T2}, {2,3:T3}, {3,5:T4}, {4,5:T5}

1

4

5

3
2

𝑖 ∶ 𝑅𝑖 = 𝐴𝑖
𝑛+1 − 𝐴𝑖

𝑛

Solve nonlinear equation: 𝐑 𝐩 = 𝟎
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Chemical reactions

Component mass balance:

𝜕

𝜕𝑡
𝜙

𝑝

𝜌𝑝𝑆𝑝𝑥𝑐𝑝 + 𝛻 ∙ 𝐹𝑐 + 𝑞𝑤,𝑐 = 

𝑟=1

𝑛𝑟

𝑣𝑐,𝑟𝑟𝑟

𝒂𝒄 + 𝒍𝒄 = 𝑽𝒓

𝑎𝑐
𝑘 + 𝑙𝑐

𝑘 = 𝒗𝒓𝑘

𝐾𝑠𝑝 − 𝑄𝑠𝑝 = 0

kinetic

equilibrium

Chemical reactions:
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Porosity-permeability treatment

• Bulk volume is a sum of reactive (Vr), non reactive (V𝑛𝑟) and pore volume (V𝜑).

𝑉𝑏 = 𝑉𝜑 + 𝑉𝑟 + 𝑉𝑛𝑟

• We introduce the concept of total porosity which is defined as

𝜑𝑇 = 𝜑𝑟 + 𝜑

• Fluid porosity can be calculated using the mineral saturation values

𝜑 = 𝜑𝑇 (1 − σ
𝑖
𝑛𝑚 𝑆𝑖

𝑛+1)

• Power law transmissibility multiplier using upstream fluid porosity

𝑇𝑀 𝜑 =
𝜑

𝜑𝑇

𝐴
= 1 − σ

𝑖
𝑛𝑚 𝑆𝑖

𝑛+1 𝐴

In this way, TM ϵ [0, 1], i.e. at any time: T = Γ𝑚𝑎𝑥 TM

precipitationdissolution

Non reactive volume (Vnr)                                     Reactive Volume (Vr)                                          Pore Volume (V𝜑)


